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ABSTRACT OF THESIS 
A TRANSFER MATRIX APPROACH TO DETERMINE THE LOW FREQUENCY 
INSERTION LOSS OF ENCLOSURES INCLUDING APPLICATIONS 
Partial enclosures are commonly used to reduce machinery noise. However, it 
is well known in industry that enclosures sometimes amplify the sound at low 
frequencies due to strong acoustic resonances compromising the performance. 
These noise issues are preventable if predicted prior to prototyping and 
production. Though boundary and finite element approaches can be used to 
accurately predict partial enclosure insertion loss, modifications to the model 
require time for remeshing and solving. In this work, partial enclosure 
performance at low frequencies is simulated using a plane wave transfer matrix 
approach. Models can be constructed and the effect of design modifications 
can be predicted rapidly. Results are compared to finite element analysis and 
measurement with good agreement. The approach is then used to design and 
place resonators into a sample enclosure. Improvements in enclosure 
performance are predicted using plane wave simulation, compared with 
acoustic finite element analysis, and then validated via measurement.  
KEYWORDS: Partial Enclosures, P lane W ave Simulat ion,  Insertion Loss, 
Finite Element Method, Acoustic Resonator, Passive Noise Control. 
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 INTRODUCTION 
1.1 Introduction 
Noise from rotating machinery is an ever-present annoyance in daily life.  It 
is present whether driving, riding, flying, at work, or at home.  Rotating machinery 
includes diesel and internal combustion engines, motors, pumps, compressors, 
and fans.  High machinery noise levels can degrade hearing and human health 
over time.   Moreover, product sales can be adversely affected if the noise is 
unacceptable or even noticeable.  In the automotive industry, the sound of the 
vehicle directly impacts sales and is one of the more noticeable characteristics to 
the customer. 
Due to increasing concerns about noise, engineers regularly implement 
countermeasures in a vehicle or other product.  Perhaps the best way to reduce 
the noise is to decrease the noise at the source.  This may be accomplished by 
reducing running forces.  For example, fan noise can be decreased by lowering 
the speed and using larger blades to insure the same total flow.   Engine ignition 
timing can be optimized so that the combustion process is smoother and even.  
Nonetheless, sources must still produce a certain amount of power and 
accompanying noise.  
If the source cannot be changes, modifications can also be made to the 
path to reduce noise levels.  This includes structurally isolating a source using 
compliant mounts or acoustically isolating a source by adding mufflers, sound 
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absorption, or enclosures.  Mufflers are commonly added to the intake or exhaust 
to attenuate combustion and supercharger noise.  For sound radiation from 
machinery, enclosures are commonly used to reduce the noise levels at the 
receiver.  An enclosure is essentially a small room with sound absorption placed 
on the walls 
Enclosures may be full or partial.  Full enclosures have no openings and the 
dominant transmission path is from the air space inside the enclosure, into the 
walls, and then from the walls to the receiver.  In that case, the enclosure should 
function well so long as it is properly isolated from the source and the enclosure 
walls are sufficiently massive.  Partial enclosures are more commonly used but the 
effectiveness is compromised by the openings which are the primary path of sound 
propagation.    Openings cannot be avoided due to flow and thermal considerations.   
Partial enclosures are widely used in industry to reduce noise emissions 
from generator sets, refrigeration units, HVAC equipment, and other machinery.   
Enclosure walls are normally made from metal or plastic and are sufficiently 
massive to negate transmission through the walls.  The primary acoustic path of 
interest is through the enclosure openings. 
Acoustic enclosures are usually lined with sound absorbing materials which 
provide substantial noise reduction at the middle and high frequencies where 
sound absorption is effective.  Simple formulas can be used to approximate the 
enclosure performance at these frequencies.  The amount of enclosure attenuation 
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primarily depends on the size of the openings, amount of sound absorptive 
coverage, and the effectiveness of the sound absorption.   
However, the sound absorption is ineffective at the lower frequencies and 
enclosures often amplify the source at the low frequency resonances of the 
enclosed space.  If the machinery operates at or close to a low frequency enclosure 
resonance, it can be anticipated that the enclosure will be ineffective and may even 
increase the noise.   If this occurs, the product will likely be unacceptable and the 
noise issue will need to be mitigated.  Resonant issues are commonly dealt with 
by insuring that the prime mover does not operate at the acoustic resonant 
frequencies, or by adding resonators to the enclosure to reduce the noise. 
At the present time, most problems which arise are dealt with on an ad hoc 
basis.  Some designers use boundary or finite element analysis to determine the 
enclosure resonant frequencies.  However, analyses require substantial amounts 
of time to prepare a mesh and then solve the model.  If changes to the enclosure 
are considered, a new mesh must be generated and solved.  Hence, numerical 
simulation is primarily used as a virtual prototyping tool rather than as a virtual 
design tool. 
In the current work, a simplified plane wave approach is used to identify low 
frequency enclosure resonances.  Partial enclosures can be modeled quickly and 
solutions with useable accuracy can be performed in seconds.  Moreover, the 
approach is conducive to providing the designer with a better intuitive 
understanding of how to modify the enclosure to improve the acoustic performance.  
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The plane wave simulation approach is validated using acoustic finite element 
analysis and via measurement. 
After the simplified plane wave approach is laid out, the method is then used 
to introduce resonators into the enclosure tested.   Resonators include quarter 
wave tubes and Helmholtz resonator arrays.  It is shown that the added resonators 
can improve the enclosure performance by up to 20 dB at selected frequencies.   
1.2 Objectives 
The objectives of this research are to: 
1. Develop a simplified plane wave methodology to determine the insertion 
loss of a partial enclosure. 
2. Validate the plane wave approach using finite element analysis and direct 
measurement.   
3. Use the plane wave approach to design enclosures with resonators to 
eliminate resonance issues.  Resonators considered include an enclosure 
with a quarter wave tube and with Helmholtz resonator arrays. 
1.3 Outlines 
This chapter has served to introduce the need for research in the topic and 
the objectives of the research. 
Chapter 2 provides background on the problem.  Enclosure metrics, 
analytical and numerical simulation approaches, and some theoretical background 
are surveyed. In chapter 3, two models are used to validate the plane wave 
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approach by comparing to direct measurement and the finite element method.  
Chapter 4 looks at introducing resonators o identify and treat low frequency 
enclosure resonances. The plane wave simulation approach introduced in Chapter 
3 proves very beneficial as a virtual design tool.  Chapter 5 summarizes the work 
and recommends follow on research. 
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 BACKGROUND 
2.1 Insertion Loss 
The metric that is most commonly used to assess the performance of an 
enclosure is the sound power insertion loss ( 𝐼𝐿𝑊 ) defined as the difference 
between the sound power level radiated by the unenclosed source (𝐿𝑊𝑂) to that 
with the enclosure (𝐿𝑊𝐸).  Insertion loss can be expressed mathematically as 
 𝐼𝐿𝑊 = 𝐿𝑊𝑂 − 𝐿𝑊𝐸 (2-1) 
where 𝐿𝑊𝑂  and 𝐿𝑊𝐸  are expressed in dB.  The sound power is most easily 
measured by sound intensity scanning or the reverberation room method. The 
difference in sound power can also be approximated by comparing sound pressure 
level measurements in the far field without and with the enclosure.  Throughout 
this work, insertion loss is used to quantify the enclosure performance. 
 
Figure 2.1 Definition of insertion loss [1]. 
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2.2 Analytical Approaches to Determine Insertion Loss 
There have been several prior analytical and numerical simulation models 
for enclosures. In one of the earliest studies, Jackson [2] created a crude 
approximation of an enclosure by modeling the source and enclosure as two 
separate infinite panels. The source panel was given a constant volume velocity 
while the receiver panel was assumed to be a limp panel. Plane wave propagation 
was assumed in the air space between the two panels and the calculated 
displacement amplitude ratio in decibels of the source and enclosure panels was 
defined as the insertion loss. Note that this model assumes that the enclosure is 
sealed and did not take into account the enclosure modes.  Nonetheless, it is an 
adequate approximation for sealed enclosures at middle and high frequencies 
where sound transmission through the panel is dominant.   
Junger [3] improved the model by simulating the source as a vibrating piston 
and the enclosure wall as a finite rectangular plate. Junger noted that there was a 
trough in the insertion loss at low frequencies which corresponded to the wall 
modes. Absorptive material was also incorporated in the theoretical model. 
Tweed and Tree [4] performed measurement studies using an unlined and 
lined sealed enclosure, and compared to the aforementioned analytical models.  It 
was concluded that both theoretical models failed to provide an adequate insertion 
loss prediction and pointed to the need for further work. 
Hillarby [5] developed both a low and high frequency sealed enclosure 
model.  The low frequency model utilizes a mode matching scheme. It is assumed 
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that a uniform acoustic pressure is distributed across the enclosure panels so that 
only modes in a single direction are considered. The model did not take the 
geometry of the source into account.  At higher frequencies, a statistical energy 
analysis approach was used to predict the performance.  Though a significant 
improvement to the previous work, the source and enclosure geometry was not 
captured realistically in the model, and the enclosure was assumed to be sealed.   
Sharp [6] performed an extensive campaign to examine the effect of 
transmission loss through various common single and double panel wall 
constructions.  Much of this work is directly applicable to sealed enclosures where 
the transmission path is through the enclosure wall. 
More recently, Sgard et al. [7] developed a more realistic hybrid method for 
large enclosures which combined SEA and the method of image sources for the 
direct field. Two types of enclosures (parallelepipedic and L-shaped geometries) 
were built to investigate the feasibility of the hybrid approach.  The models were 
validated by comparing to sound pressure level measurements inside the 
enclosure and to insertion loss measurements.  Sgard et al. [7] looked at 26 
configurations to more fully investigate the effect of important parameters such as 
enclosure geometry, panel materials, noise control treatments, location of the 
source inside the enclosure, and the presence of an opening. The results 
demonstrated that an image source model coupled with SEA was a reliable tool 
for enclosure evaluation.  However, the model did not predict the lower frequency 
enclosure resonances. 
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Vér [1] in the well-known Noise and Vibration Control Engineering: 
Principles and Applications provides one of the most extensive practical guides on 
the design of enclosures. However, the text primarily deals with sealed enclosures 
and only briefly looks at partial enclosures though these are most commonly used 
to reduce rotating machinery noise.  Vér’s equation is simple and is based on the 
percentage of open area and sound absorptive coverage. The results are 
adequate for the most part at higher frequencies where sound absorption is the 
predominant mechanism for enclosure attenuation.  Nevertheless, results do not 
take into account the low frequency enclosure air cavity modes that are of primary 
interest to designers. 
2.3 Numerical Simulation Approaches to Determine Insertion Loss 
Besides the analytical approaches reviewed, numerical simulation has been used 
to determine the insertion loss of partial enclosures.  The boundary element 
method (BEM) has generally been the method used.  For instance, Augusztinovicz 
et al. [8] used BEM to determine the insertion loss of engine enclosures where the 
source was modeled as a collection of point sources. Even though the results 
proved the feasibility of the approach and matched with measurement results 
qualitatively, there were still significant differences between simulation and 
measurement.  Results were reported in 1/3-octave bands and low frequency 
enclosure acoustic modes were not included. 
Similarly, Zhou et al. [9] validated a boundary element model to assess the 
performance of a steel partial enclosure with dimensions 0.48 × 0.48 × 0.66 m3. 
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The enclosure had one or two openings and sound absorptive material lined on 
one side panel.  Results were compared with measurement with excellent 
agreement.  Most importantly, low frequency acoustic resonances were 
successfully identified.  A numerical sensitivity study was conducted to determine 
the effects of enclosure size, opening size, and sound absorptive coverage.  
Opening size proved the most important consideration. 
2.4 Application of Resonators in Enclosures 
The primary approach to improve the low frequency performance of partial 
enclosures is to add resonators.  Several researchers have investigated adding 
resonators to sealed enclosures.  For instance, Fahy and Schofield [10] used an 
analytical modal approach to examine the placement of a single Helmholtz 
resonator into a small rectangular airspace (V = 13.3 𝑚3). The resonator had a 
volume range from 0 to 8 × 10−3 m3, a neck length of 150 mm, and a neck 
diameter 102 mm. Measured and analytical results compared well and with a 
demonstrable improvement in the sealed enclosure performance.   Cummings 
[11] developed a multi-mode model to determine the attenuation if a resonator 
array is inserted in a sealed enclosure.   Over 10 dB reductions of the interior 
sound pressure were noted at the resonance frequencies. 
Estève and Johnson [12] applied Helmholtz resonators to reduce the sound 
transmission within a sealed cylindrical shell.  Helmholtz resonators were used in 
conjunction with distributed vibration absorbers (DVA).  Results demonstrated 
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that the Helmholtz resonator could reduce the interior noise by 3.8 dB while the 
DVA and Helmholtz resonator combination reduced the noise by 7.7 dB in the 
50-160 Hz band.  The study also illustrated that the noise reduction resulting 
from the treatment decreased as the system damping ratio increased.  
In similar work, Yu and Cheng [13] utilized a T-shaped acoustic resonator 
which could be located at a single position but still provide multiple acoustic 
resonances.  The location of the T-shaped resonator was optimized for a small 
enclosure with dimensions 0.98 × 0.70 × 1.19 m3.  There was acceptable 
agreement between simulation and experiments. 
2.5 Fundamental Acoustic Background for Plane Wave Approach  
The fundamental theory that will be used for the theoretical development in 
Chapter 3 is surveyed in the remainder of the chapter. 
2.5.1 Transfer Matrix Theory 
The transfer matrix [14] is a convenient tool for one-dimensional analysis in 
acoustics. Sound pressure and particle velocity at the left and right ends of an 
acoustic element can be related using a four-pole transfer matrix.  The transfer 
matrix for a straight duct (Figure 2.2) can be written as  
 
{
𝑝1
𝑢1
} = [
cos (𝑘𝑙) 𝑖𝜌𝑐sin (𝑘𝐿)
𝑖
𝜌𝑐
sin (𝑘𝑙) cos (𝑘𝐿)
] {
𝑝2
𝑢2
} (2-2) 
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where 𝑘 is the complex wavenumber defined as 𝜔/𝑐 and 𝑙 is the length of the 
duct element.  𝜔 and 𝑐 are the angular frequency in rad/s and speed of sound 
respectively.  
Figure 2.2 Definition of transfer matrix. 
 
Figure 2.3 Schematic of side branch. 
Resonators are generally modeled as a parallel or branch impedance as 
illustrated in Figure 2.3. In that case, it is assumed that the sound pressure 
across the parallel element is constant and the transfer matrix is expressed as 
 
{
𝑝1
𝑢1
} = [
1 0
1/𝑍𝑝 1
] {
𝑝2
𝑢2
} (2-3) 
where 𝑍𝑝 is the parallel or branch impedance.  
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2.5.2 Resonator Theory 
Resonators function by placing a low impedance at a frequency of interest at the 
side branch insertion point.  This is equivalent to an electrical short circuit.  The 
wave propagating down the main duct is attenuated via interference at the 
resonator insertion region The most commonly used resonators are quarter wave 
and Helmholtz resonators. Resonators are effective at the frequencies they are 
designed for and may produce unwanted resonances in the sidebands.  Though 
resonators are place inside of a partial enclosure in this research, the attenuation 
mechanism is the same as that for mufflers. 
A quarter wave resonator is a simple side branch which is made up of a duct with 
a constant cross-sectional area and hard termination as shown in Figure 2.4. The 
particle velocity at the end of the duct is assumed to be zero.  It follows that the 
impedance of the quarter wave resonator at the junction may be expressed as  
 
𝑍𝑩 = −
𝑖𝜌𝑐
𝑆𝐵
cot (𝑘𝐿) (2-4) 
where 𝐿 is the length of the duct and 𝑆𝐵 is the cross-sectional area of the branch. 
The maximum noise attenuation occurs if 𝑍𝑩 = 0.  This will be the case when 
 𝑘𝐿 =
𝑛𝜋
2
, 𝑛 = 1,3,5, … (2-5) 
 𝑓𝑛 =
𝑛𝑐
4𝐿
, 𝑛 = 1,3,5,… (2-6) 
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Figure 2.4 Schematic of quarter wave resonator. 
Helmholtz resonators are also commonly used.  They are analogous to a 
mechanical mass and spring and may be thought of as a tuned dynamic 
absorber consisting of a short duct or neck (mass) attached to a larger air cavity 
(air spring) as shown in Figure 2.5.  The inlet impedance of the Helmholtz 
resonator is expressed as  
 𝑍𝑩 = 𝑖𝜔𝜌𝐿 + 𝜌𝑐
2𝑆𝐵/𝑖𝜔𝑉 (2-7) 
where 𝑉 is the volume of the cavity, 𝐿 is the neck length, and 𝑆𝐵 is the cross-
sectional area of the neck. The maximum noise attenuation is obtained if 𝑍𝐵 = 0 
which corresponds to a frequency of 
 
𝑓𝑟 =
𝑐
2𝜋
√
𝑆𝐵
𝐿𝑉
 (2-8) 
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Usually, it is necessary to adjust the neck length 𝐿 by adding an end correction to 
account for some additional mass of air on either side of the neck.  This 
equivalent neck length can be expressed as 
 𝐿𝑒𝑞 = 𝐿 + ∆𝐿 (2-9) 
in which, ∆𝐿 is the end correction and can be approximately expressed as 
 ∆𝐿 = 0.82𝑑𝐵/2 (2-10) 
where 𝑑𝐵 is the diameter of the side branch. 
 
Figure 2 5 Schematic of Helmholtz resonator. 
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2.5.3 Opening Impedance 
 The impedance at an aperture can be approximated as that for the end of a 
flanged or unflanged duct termination.  Figure 2.6 shows the flanged and 
unflanged cases.  It is recognized that this is an approximation since the duct 
length is approximately the thickness of the enclosure itself. 
Figure 2.6 Schematic of flanged termination and unflanged termination. 
The termination impedance (𝑍𝑟𝑎𝑑) [15] for the flanged case is expressed as  
 𝑍𝑟𝑎𝑑 =
𝜌𝑐
𝑆
(𝑅1(2𝑘𝑎) − 𝑗𝑋1(2𝑘𝑎)) (2-11) 
where 
 
𝑅1 = 1 −
𝐽1(2𝑘𝑎)
𝑘𝑎
  𝑋1 =
𝐻1(2𝑘𝑎)
𝑘𝑎
   (2-12) 
and 𝐽1 and  𝐻1 are the first order Bessel function and Struve function, 
respectively. 
For an unflanged termination [16], the radiation impedance (𝑍𝑟𝑎𝑑) is defined as  
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𝑍𝑟𝑎𝑑 =
𝜌𝑐(1 + 𝑅)
𝑆(1 − 𝑅)
  (2-13) 
where the reflection coefficient (𝑅) is expressed as 
 𝑅 = −𝑅0𝑒
−𝑗2𝑘𝑎𝜁0 (2-14) 
and 𝑎 is the radius at the opening, 𝑅0 is the amplitude of the reflection coefficient 
and 𝜁0 is an end correction term.  The amplitude of the reflection coefficient (𝑅0) 
is defined as 
 𝑅0 = 1 + 0.01226𝑘𝑎 − 0.059079(𝑘𝑎)
2
+ 0.033576(𝑘𝑎)3 − 0.06432(𝑘𝑎)4,  
 𝑘𝑎 < 1.5 (2-15) 
and the end correction 𝜁0 is written as 
 
𝜁0 = {
0.6133 − 0.1168(𝑘𝑎)2,
0.6393 − 0.1104𝑘𝑎,
 
  𝑘𝑎 < 0.5
0.5 < 𝑘𝑎 < 2
 (2-16) 
2.5.4 Acoustic Source Modeling 
A point monopole source is a simple, theoretical representation of an acoustic 
source.  It is convenient to utilize since it has negligible geometry. The sound 
pressure radiated from a point source is 
 
𝑝(𝑟) = 𝐴
𝑒−𝑖𝑘𝑟
𝑟
 (2-17) 
where 𝑘 is the wave number, and 𝑟 is the distance between the measured field 
point and the source. The sound power radiated from the point source does not 
depend on the distance and can be written as  
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𝑊𝑖 =
1
4𝜋
𝜌𝑐𝑘2𝑄2 (2-18) 
where 𝑄 is the volume velocity of the point source. 
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 ENCLOSURE MEASUREMENT AND SIMULATION 
3.1 Introduction 
Acoustic enclosures are widely used in industry to reduce machinery noise.  There 
are two primary noise propagation paths:  structureborne and airborne.  The 
structureborne path is from the rotating machinery, through the mounting, and into 
the enclosure which radiates sound.  If machinery is properly isolated, the 
structureborne path can normally be controlled though flanking paths are often 
troublesome.  The other path is airborne propagation from the machinery into the 
enclosure space, and through the openings.  The airborne path can be controlled 
at high frequencies by affixing sound absorption to the inside enclosure walls and 
avoiding a direct line of sight path from the source to a receiver.  However, 
enclosure acoustic resonances are unavoidable at low frequencies where sound 
absorption is ineffective.  If the rotating speed of the enclosed machinery 
corresponds with a low frequency resonance, a noise problem is probable. 
 Enclosure walls act as a barrier, and are usually fabricated from heavy 
plastic or steel to reflect the sound.  There is some space between the enclosure 
and enclosed machine, and vibration isolators are placed in between the machine 
and enclosure base to minimize structureborne energy propagation into the 
enclosure walls which have large surface area.  Most enclosures have openings 
to meet requirements for ventilation or to act as passageways for wires and pipes 
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coming and going.  These openings become the primary noise path especially at 
frequencies matching the first few acoustic resonances. 
 In this work, plane wave approaches are used to determine the insertion 
loss of partial enclosures at low frequencies.  The suggested model is amenable 
to geometrically complex enclosures and sources.  Most importantly, the model 
can be used to identify the first few acoustic resonances which manifest 
themselves as troughs in the insertion loss.  These frequencies, in which the 
enclosure amplifies the acoustic source, are unavoidable, and it should be insured 
that the prime mover does not operate at these frequencies for extended periods 
of time.   
3.2 Experiment setup 
All experiments were performed in the hemi-anechoic chamber at the University of 
Kentucky. Insertion loss was measured and determined via sound intensity 
scanning. First, a bookshelf speaker was located at the center of the chamber, and 
a frame was built up to create 5 scanning surfaces for intensity scanning. It is 
shown in the Figure 3.1. An enclosure was constructed from 1.9 cm thick particle 
board, shown in Figure 3.2. The source was then enclosed and the sound power 
measured again. Figure 3.3 shows how the speaker was installed in the enclosure. 
Insertion loss was calculated as the difference between the two sound power 
measurements in dB. Subsequent measurements for parameter study, validation 
cases and modification cases were carried out using the same method. 
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Figure 3.1 Bookshelf loud speaker on floor. 
 
Figure 3.2 Photograph of  partial enclosure. 
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Figure 3.3 Photograph of loudspeaker inside of partial enclosure. 
3.3 Acoustic Finite Element Analysis Strategy 
The acoustic finite element method (FEM) was used to simulate each case.  Figure 
3.4 shows a schematic of the modeling procedure.  Acoustic finite elements are 
used to model the airspace inside the enclosure and adjacent to the enclosure on 
the outside.  Boundaries are modeled using a reflection free boundary condition 
which has been termed a perfectly matched layer in the literature [17, 18, 19, 20].  
The approach insures a reflection free boundary for waves having varying angles 
of incidence.  The particular implementation in Siemens Virtual. Lab is referred to 
as an automatically matched layer (AML) boundary condition [21] because the 
software internally creates the PML mesh and then adjusts the mesh thickness 
and resolution at each frequency.  AML boundaries are indicated in Figure 3.5. 
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The acoustic mesh consists entirely of linear tetrahedral elements and the 
structural mesh of linear quadrilateral shells.  The mesh was created using ANSYS 
APDL [22]and then solved using Siemens Virtual. Lab.  The solution is fully 
coupled.  A bookshelf loudspeaker is assumed to be the source and the external 
geometry of the loudspeaker is modeled.  A unit velocity is assumed on the 
speaker diaphragm. 
Insertion loss is determined by direct application of Equation (2-1).  Models are 
created for both the source and the source plus enclosure, and the difference in 
sound power in dB is subtracted.  For the enclosed model, AML surfaces are used 
to assess the sound power emitted through the openings and also from the 
structure.  The airborne and structureborne emissions can be differentiated and 
compared if desired, but it was observed that the structureborne path was 
negligible compared to the airborne path. 
Figure 3.4 Schematic illustrating finite element simulation strategy. 
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Figure 3.5 Acoustic finite element mesh showing AML surfaces. 
3.4 Plane Wave Approach Methodology 
The primary objectives of the analysis are to identify low frequency insertion loss 
troughs and to use the model to develop treatments.  At high frequencies, the 
model will have limited use because sound absorption is effective and troughs in 
the insertion loss are less noticeable.  All calculation was carried out using the 
numerical computing software MATLAB. The following assumptions are made. 
1. Plane wave propagation is assumed for each direction independently.  
2. Acoustic modes are well spaced in frequency. 
3. Temperature is constant across each plane wave element. 
4. Flow is ignored. 
The Figure 3.6 shows a schematic of a volumetric source that is located in the 
enclosure.  Assume plane wave propagation in one of the enclosure directions.  
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The volume velocity will be the sum of the volume velocities on each side of the 
source.  Hence, 
 𝑄 = 𝑆𝐿𝑢𝐿 + 𝑆𝑅𝑢𝑅 (3-19) 
where 𝑢𝐿, 𝑢𝑅 and 𝑆𝐿, 𝑆𝑅 are the respective particle velocities and cross-sectional 
areas to the right and left of the point source.  The impedances (𝑍𝐿 and 𝑍𝑅) to the 
left and right of the point source can be written as 
 
 𝑍𝐿 =
𝑝𝐿
𝑆𝐿𝑢𝐿
 (3-20) 
and 
 𝑍𝑅 =
𝑝𝑅
𝑆𝑅𝑢𝑅
 (3-21) 
respectively. The equivalent impedance ((𝑍𝑒𝑞) can be expressed as 
 
𝑍𝑒𝑞 =
𝑝
𝑄
=
𝑍𝐿𝑍𝑅
𝑍𝐿 + 𝑍𝑅
 (3-22) 
Since 𝑝 = 𝑝𝐿 = 𝑝𝑅. 
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The impedances (𝑍𝐿 and 𝑍𝑅) on either side of the source can be determined using 
plane wave methods.  A brief summary of the method is detailed below.  Munjal’s 
[14] classic text Acoustics of Ducts and Mufflers is recommended for more details. 
Figure 3.6 Schematic of enclosure showing variables. 
The enclosure on either side of the source can be modeled as a cascade of ducts, 
and side branches terminating in an opening.  The sound pressure and particle 
velocity on each side of a plane wave element can be expressed as 
 
{
𝑝1
𝑆1𝑢1
} = [
𝑇11 𝑇12
𝑇21 𝑇22
] {
𝑝2
𝑆2𝑢2
} (3-23) 
where 𝑇11, 𝑇12, 𝑇21, and 𝑇22 are the transfer matrix elements.  This convention is 
illustrated in Figure 3.7. 
For a straight duct, the transfer matrix can be expressed as 
Q
LZ RZ
Openings
L
L
u
p
R
R
u
p
2
2
T
T
S
Z
1
1
T
T
S
Z
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{
𝑝1
𝑆1𝑢1
} =
[
 
 
 cos(𝑘𝐿) (
𝑗𝜌𝑐
𝑆2
) sin (𝑘𝐿)
(
𝑗𝑆1
𝜌𝑐
) 𝑠𝑖𝑛(𝑘𝑙)
𝑆1
𝑆2
cos(𝑘𝐿)
]
 
 
 
{
𝑝2
𝑆2𝑢2
} (3-24) 
where 𝑘 is the wavenumber, 𝑙 is the length, 𝜌 is the mass density, and 𝑐 is the 
speed of sound.  For a side branch, the transfer matrix can be expressed as 
 
{
𝑝1
𝑆1𝑢1
} = [
1 0
1/𝑍𝐵 1
] {
𝑝2
𝑆2𝑢2
} (3-25) 
where 𝑍𝐵 is the impedance of the side branch. The most common side branch 
impedance for enclosures is a quarter wave tube.  The impedance of which can 
be expressed as 
 𝑍𝐵 = −𝑗
𝜌𝑐
𝑆𝐵
cot (𝑘𝑙𝐵) (3-26) 
where 𝑙𝐵 and 𝑆𝐵 are the length and area of the side branch respectively. 
 
The impedance at the opening ( 𝑍𝑇 ) is approximated as that for a baffled 
termination [15].  Hence, 
 𝑍𝑇 =
𝜌𝑐
𝑆𝑎
(𝑅1 − 𝑗𝑋1) (3-27) 
where 
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𝑅1 = 1 −
𝐽1(2𝑘𝑎)
𝑘𝑎
 (3-28) 
and 
 
𝑋1 =
𝐻1(2𝑘𝑎)
𝑘𝑎
 (3-29) 
with 𝐽1 and  𝐻1 corresponding to the Bessel and Struve functions of the first order 
respectively.  
The transfer matrices for the individual elements can be multiplied together in order 
to identify the transfer matrix ([𝐴]) from the source to the termination.  Accordingly, 
 
[
𝐴11 𝐴12
𝐴21 𝐴22
] = [𝑇1][𝑇2][𝑇3]… [𝑇𝑁] (3-30) 
where [𝑇𝑖]  are the individual transfer matrices for the different duct elements 
assuming there are 𝑁 duct elements.  The impedance on either side of the source 
(𝑍𝑚 with 𝑚 = 𝐿 or 𝑅) can be written as 
 
𝑍𝑚 =
𝐴11
(𝑚)𝑍𝑇
(𝑚)
+ 𝐴21
(𝑚)
𝐴21
(𝑚)
𝑍𝑇
(𝑚)
+ 𝐴22
(𝑚)
 (3-31) 
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Figure 3. 7 Schematic showing a plane wave element. 
The insertion loss for the partial enclosure with openings is determined as follows.  
First, assume a unit volume velocity (𝑄) for the source.  The sound power from the 
unenclosed source (𝑊𝑤𝑜) is expressed as 
 
𝑊𝑤𝑜 =
1
4𝜋
𝜌𝑐𝑘2𝑄2 (3-32) 
The sound power for the enclosed source is found by first determining the 
impedance to the left and right of the source (𝑍𝐿 and 𝑍𝑅) using plane wave theory.  
Then, determine the equivalent impedance (𝑍𝑒𝑞) and sound pressure at the source 
(𝑝) using Equation (3.30).  The particle velocities on each side of the source (𝑢𝐿 
and 𝑢𝑅) can be found via Equations (3.28) and (3.29).  Using the transfer matrix 
from the source to the opening, the sound pressure (𝑝𝑘) and particle velocity (𝑢𝑘) 
for opening 𝑘 can be determined on either side of the source using 
 
{
𝑝𝑘
𝑆𝑘𝑢𝑘
} = [
𝐵11
(𝑘) 𝐵12
(𝑘)
𝐵21
(𝑘) 𝐵22
(𝑘)
]
−1
{
𝑝𝑚
𝑆𝑚𝑢𝑚
} (3-33) 
any plane wave element
1
2
p1, u1, S1
p2, u2, S2
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where 𝑝𝑚 and 𝑢𝑚 are the respective sound pressure and particle velocity on the 
appropriate side of the source where 𝑚 = 𝐿 or 𝑅.  The sound power from the 
enclosed source can then be expressed as 
 
𝑊𝑒𝑛𝑐 = ∑
1
2
Re(𝑝𝑘𝑢𝑘
∗)𝑆𝑘
𝑁
𝑘=1
 (3-34) 
where 𝑘 is an index for the opening and 𝑁 is the number of openings.  𝑝𝑘, 𝑢𝑘, and 
𝑆𝑘 are the respective sound pressure, particle velocity, and cross-sectional area at 
the opening.  The insertion loss due to the enclosure (𝐼𝐿) can be expressed as 
 𝐼𝐿 = 𝐿𝑊𝑤𝑜 − 𝐿𝑊𝑒𝑛𝑐 (3-35) 
where 𝐿𝑊𝑤𝑜 and 𝐿𝑊𝑒𝑛𝑐 are the sound powers of the source and enclosed source 
in dB. 
The procedure can be carried out in all three coordinate directions.  After doing so, 
the insertion loss is determined for all three directions individually and the lowest 
insertion loss is selected.  This assumes that troughs in the insertion loss are 
primarily due to resonances and that these resonances are well separated from 
one another. 
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3.5 Baseline Case Results 
The procedure was tested using the enclosure setup shown in Figure 3.8.  A 96 ×
58 × 41  cm3 enclosure was constructed from 1.9 cm thick particle board.  A 
bookshelf loudspeaker was positioned at the center of the enclosure in the floor.  
There are two 10 cm diameter circular openings: one located on one end of the 
enclosure and the other on the front side as shown in Figure 3.8.  A photograph of 
the box with loudspeaker inside is shown in Figure 3.9. 
Figure 3.8 Schematic showing baseline enclosure and important dimensions. 
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Figure 3.9 Schematic showing baseline enclosure with loudspeaker placement.  
Schematics showing plane wave models in both the lengthwise, vertical, 
and lateral directions are shown in Figures 3.10, 3.11, and 3.12 respectively. The 
figures indicate how the enclosure airspace was subdivided into plane wave 
elements and Tables 3.1, 3.2, and 3.3 indicate the respective dimensions for the 
plane wave elements.  In the approach used, the opening was considered as the 
termination in each case though this is not essential to using the method.  More 
information regarding breaking complex geometry up into plane wave elements is 
available in Reference [23]. 
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Figure 3.10 Schematic showing plane wave strategy in the lengthwise direction 
for baseline enclosure. 
Table 3.1 Plane Wave model dimensions in longitudinal direction for baseline 
enclosure. 
Element Type Length (cm) Area (cm2) 
A Duct 24 2690 
B Quarter Wave Tube 24 2690 
C Duct 1 79 
D Termination Impedance N/A 79 
E Duct 48 2690 
F Duct 1 79 
G Termination Impedance N/A 79 
. 
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Figure 3.11 Schematic showing plane wave strategy in the vertical direction for 
baseline enclosure. 
Table 3.2 Plane wave model dimensions in vertical direction for baseline 
enclosure. 
Element Type Length (cm) Area (cm2) 
A Duct 10 3940 
B Quarter Wave Tube 19 3940 
C Duct 1 79 
D Termination Impedance N/A 79 
E Duct 10 3940 
F Quarter Wave Tube 19 3940 
G Duct 1 79 
H Termination Impedance N/A 79 
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Figure 3.12 Schematic showing plane wave strategy in the lateral direction for 
baseline enclosure. 
Table 3.3 Plane wave model dimensions in longitudinal direction for baseline 
enclosure. 
Element Type Length (cm) Area (cm2) 
A Duct 21 5610 
B Duct 1 79 
C Termination Impedance N/A 79 
D Duct 10 5610 
E Quarter Wave Tube 10 5610 
F Duct 1 79 
G Termination Impedance N/A 79 
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Figure 3.13 compares the insertion loss from plane wave simulation to the 
sound power determined using measurement and FEM simulation.  It can be 
seen that the plane wave method compares reasonably well with FEM 
simulation.  Though plane wave simulation over predicts the peaks and troughs 
of insertion loss, it correctly identifies the enclosure resonances which are most 
important for design purposes.  There is some discrepancy below 30 Hz in both 
plane wave and FEM simulation.  However, results are generally not so important 
at frequencies that are so low. 
 
Figure 3.13 Insertion loss comparison for bassline case showing measurement, 
plane wave simulation and finite element simulation. 
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3.6 Validation Case-Large Source 
The feasibility of the approach for larger sources was then examined.  For this 
example, results from plane wave simulation were compared to acoustic FEM 
simulation alone and not to measurement.  The source geometry was modeled as 
a box as shown in Figure 3.14.  The dimensions of the source box are 50 × 50 ×
35 cm3.  In order to generate the boundary conditions for the box source in the 
acoustic FEM model, a point source was centered in an imaginary box of the same 
size and the particle velocities of the radiated field were calculated on the surface 
of the imaginary box.  Those determined particle velocities were then used as 
boundary conditions on the surface of the source box.  Thus, the box source will 
produce an identical sound field to a point source if it is located in a free space.  
The sound power from the box source is assumed to be unity and the sound power 
of the enclosed box source was determined using FEM analysis in order to identify 
the insertion loss. 
Figure 3.14 Schematic showing enclosure with box shaped source. 
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Figure 3.15 shows a schematic of the plane wave model that was created to 
simulate the longitudinal direction.  Similar plane wave models were developed for 
the other two directions as well.  Table 3.4 shows the dimensions used for the 
individual duct elements in the longitudinal direction.  Notice that region of the 
enclosure that the source box occupies is treated as a duct having cross-sectional 
area equivalent to that of the airspace surrounding the box source. 
Figure 3.15 Schematic showing plane wave strategy for enclosure with box 
shaped source. 
Figure 3.16 compares the insertion loss determined by the plane wave and 
BEM methods.  There is good agreement up to approximately 350 Hz which should 
be sufficient for many engine enclosure applications.  More importantly, the 
insertion loss troughs of primary interest to designers at 65, 155, and close to 320 
Hz are successfully identified.   This example demonstrates that the procedure 
suggested may be applied to enclosures having a large source located within. 
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Table 3.4 Plane wave model dimensions in longitudinal direction for enclosure 
with box shaped source. 
Element Type Length (cm) Area (cm2) 
A Duct 24 94 
B Duct 14 2690 
C Quarter Wave Tube 24 2690 
D Duct 1 79 
E Termination Impedance N/A 79 
F Duct 26 94 
G Duct 8 2690 
H Duct 1 79 
I Termination Impedance N/A 79 
Figure 3.16 Insertion loss comparison for enclosure with box shaped source 
showing plane wave simulation, and finite element simulation. 
 
. 
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3.7 Summary 
A plane wave simulation approach for determining the low frequency insertion loss 
has been developed and has been validated via both BEM simulation and 
measurement.  It has been shown that the approach can be successfully used to 
determine the troughs corresponding to acoustic resonances in the insertion loss.  
If the source has a fundamental or harmonics at one of these frequencies, the 
partial enclosure may amplify the sound and will not perform as well as expected. 
The approach detailed has a number of advantages.  After a model is 
developed, the effect of geometric changes can be assessed rapidly.  Additionally, 
the method introduces intuition into the design process so that resonators can be 
considered and properly positioned in the enclosure.  Though plane wave 
simulation may over predict the amount of improvement, strategies can 
nonetheless be evaluated and compared to one another.  After plane wave 
simulation is used to determine a possible design, the design can be evaluated 
using a model having greater fidelity.  For example, acoustic FEM or BEM might 
be used.  At the present time, the primary failing of the method is that it does not 
include structural effects which may be important at lower frequencies. 
 
  
41 
 
 MODIFICATION CASES 
One of the most effective means of dealing with acoustic resonances is to insert a 
resonator into the enclosure.  Resonators shift the frequencies of the acoustic 
resonances, but will not eliminate resonances altogether.  Nonetheless, operating 
frequencies of prime movers can be avoided.  Moreover, the insertion loss at the 
operating frequencies can be increased.  
In this chapter, three modification cases were investigated to improve the 
performance of the enclosure at low frequency domain. Two quarter wave 
resonators and one Helmholtz resonator were placed in sequence inside the 
enclosure to eliminate resonance issues at 365 Hz. 
4.1 Quarter Wave Resonators 
The enclosure used in Test Case 1 was then fitted with a quarter wave tube on 
one end. Several configurations were considered.  The first is shown in Figure 4.1.  
The quarter wave tube is constructed as a U-shaped channel that follows the inner 
perimeter of the enclosure. The cross-sectional area of the channel is 23.5 cm2 
and the channel has a depth of 24 cm. The opening of the quarter wave tube is 
close to the end of the box. The plane wave model is shown for the lengthwise 
direction in Figure 4.2. Table 4.1 indicates the dimensions of the plane wave 
elements.  Insertion loss results are shown in Figure 4.3. It can be seen that plane 
wave simulation correctly predicts that the insertion loss will increase considerably 
at 375 Hz. Measurement indicates an improvement of approximately 20 dB which 
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is also predicted by the FEM simulation. Though plane wave simulation over 
predicts the improvement, it does correctly identify the frequency of expected 
improvement. 
Figure 4.1 Schematic showing partial enclosure with quarter wave tube (opening 
on right side of channel). 
Figure 4.2 Schematic showing plane wave strategy for partial enclosure with 
quarter wave tube (opening on right side of channel). 
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Table 4.1 Plane wave model dimensions in longitudinal direction for test case-
large quarter wave tube (opening on right side of channel). 
Element Type Length (cm) Area (cm2) 
A Duct 24 2690 
B Quarter Wave Tube 24 2690 
C Duct 1 79 
D Termination Impedance N/A 79 
E Duct 21.5 2690 
F Duct 23.5 1684 
G Quarter Wave Tube 23.5 1006 
H Duct 3 2690 
I Duct 1 79 
J Termination Impedance N/A 79 
 
Figure 4.3 Insertion loss comparison for enclosure with quarter wave tube 
(opening on right side of channel) showing measurement, plane wave, and finite 
element simulation. 
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In the second configuration shown in Figure 4.2, the opening is positioned 
16 cm from the end of the enclosure. The plane wave model in the lengthwise 
direction is shown in Figure 4.5. Table 6 provides the important dimensions for the 
plane wave model.  Insertion loss results are shown in Figure 4.6. It can be seen 
that the insertion loss does not improve significantly at 375 Hz. The results 
demonstrate that the quarter wave tube does not substantially improve the 
enclosure performance if it the opening is placed close to the node line of the 
acoustic mode where the sound pressure is low. 
Figure 4.4 Schematic showing partial enclosure with quarter wave tube 
(opening on left side of channel). 
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Figure 4.5 Schematic showing plane wave strategy for partial enclosure with 
quarter wave tube (opening on left side of channel). 
Table 4.2 Plane wave model dimensions in longitudinal direction for test case-
large quarter wave tube (opening on left side of channel). 
Element Type Length (cm) Area (cm2) 
A Duct 24 2690 
B Quarter Wave Tube 24 2690 
C Duct 1 79 
D Termination Impedance N/A 79 
E Duct 24.5 2690 
F Quarter Wave Tube 23.5 1006 
G Duct 23.5 1684 
H Duct 1 79 
I Termination Impedance N/A 79 
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Figure 4.6 Insertion loss comparison for enclosure with quarter wave tube 
(opening on left side of channel) showing measurement, plane wave simulation, 
and finite element simulation. 
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For the third configuration, a quarter wave tube occupying less total volume 
is considered. The cross-sectional area of the channel is reduced 1006 cm2 and 
the center length of the resonator is 27 cm. The channel includes a U-turn which 
adds additional length to the quarter wave tube as long as plane wave propagation 
can be assumed. A schematic with dimensions is shown in Figure 4.7. The 
respective plane wave model is shown in Figure 4.8. Dimensions for the model are 
summarized in Table 7. Figure 4.9 shows the insertion loss comparison.  It can be 
seen that plane wave simulation identifies that the insertion loss will be improved 
at 375 Hz though the amount of improvement is over predicted. Nonetheless, the 
measured insertion loss demonstrated a substantial improvement of approximately 
10 dB. This result again demonstrates the usefulness of plane wave simulation to 
correctly identify the frequency of improvement. However, this should be followed 
by acoustic FEM analysis to more correctly identify the amount of improvement at 
the frequency of interest. 
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Figure 4.7 Schematic showing plane wave strategy for partial enclosure with 
quarter wave tube (smaller cross-section U-turn configuration). 
Figure 4.8 Schematic showing partial enclosure with quarter wave tube (smaller 
cross-section U-turn configuration). 
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Table 4.3 Plane wave model dimensions in longitudinal direction for test case-
small quarter wave tube.   
Element Type Length (cm) Area (cm2) 
A Duct 24 2690 
B Quarter Wave Tube 24 2690 
C Duct 1 79 
D Termination Impedance N/A 79 
E Duct 32 2690 
F Quarter Wave Tube 23.5 318 
G Duct 16 2372 
H Duct 1 79 
I Termination Impedance N/A 79 
Figure 4.9 Insertion loss comparison for enclosure with quarter wave tube 
(smaller cross-section U-turn configuration) showing measurement, plane wave 
simulation, and finite element simulation. 
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4.2 Helmholtz Resonator 
The final case examined is an array of Helmholtz resonators at one end of the 
enclosure. Eight equal sized Helmholtz resonators were positioned with four on 
each side of the enclosure. A schematic of the test setup is shown in Figure 4.10. 
The plane wave model in the lengthwise direction is shown in Figure 4.11, and 
associated dimensions are detailed in Table 3.8. The resonators are tuned for a 
frequency of 375 Hz which corresponds with a resonance of the partial enclosure 
where the insertion loss is adversely affected.   
Insertion loss results are shown in Figure 4.12. The plane wave 
methodology is used and is successful in identifying the frequency of performance 
improvement though it is less successful at predicting the amount of improvement 
in dB. The measurement demonstrates that the insertion loss improved by over 20 
dB at 375 Hz with the Helmholtz resonators included. 
Figure 4.10 Schematic showing partial enclosure with Helmholtz resonator array. 
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Figure 4.11 Schematic showing plane wave strategy for partial enclosure with 
Helmholtz resonator array. 
Table 4.4 Plane wave model dimensions in longitudinal direction for test case – 
Helmholtz resonator array. 
Element Type Length (cm) Area (cm2) 
A Duct 24 2690 
B Quarter Wave Tube 24 2690 
C Duct 1 79 
D Termination Impedance N/A 79 
E Duct 38 2690 
F Duct 5 1840 
H Duct 5 1840 
I Duct 1 79 
J Termination Impedance N/A 79 
Element Type Neck Length (cm) Volume (cm3) 
G Helmholtz Resonator 1 900 
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Figure 4.12 Insertion loss comparison for enclosure with Helmholtz resonator 
array showing measurement, plane wave simulation, and finite element 
simulation. 
These results demonstrate the possible improvements to the insertion loss 
of partial enclosures that can be gained by inserting reactive elements. Also, it has 
been demonstrated that these resonators can be tuned and positioned using plane 
wave simulation. Following that, the amount of improvement can be properly 
gaged using acoustic FEM simulation. 
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 CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE 
WORK 
5.1 Conclusions 
A plane wave simulation approach for determining the insertion loss of partial 
enclosures at low frequencies was developed. The approach was applied to a 
partial enclosure with two openings, and then compared to acoustic finite element 
simulation and direct measurement. It was shown that the first few acoustic modes 
could be identified for the enclosure. The first few modes are generally the most 
problematic because they are likely to correspond to engine running frequencies 
and sound absorption is not very effective. Using simulation, the method was also 
applied to a large geometry source. It was shown that the procedure could 
successfully determine the insertion loss with the source geometry included.  
Though errors might exceed 10 dB at specific frequencies, the method proved 
useful for identifying design changes that would prove beneficial. 
Several design changes were considered for the test enclosure. These included 
adding quarter wave tubes and Helmholtz resonator arrays. It was shown that the 
plane wave approach could successfully identify the effect of adding resonators. 
Moreover, it was demonstrated that adding resonators could improve the 
enclosure performance by up to approximately 20 dB. 
The following are the major contributions of the research.  It was demonstrated 
that: 
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1. The simple plane wave simulation approach developed could be used to 
approximately determine the insertion loss of partial enclosures at the lower 
frequencies. Specifically, the insertion loss trough frequencies can be 
determined. 
2. Resonators like quarter wave tubes and Helmholtz resonators can markedly 
improve the performance of partial enclosures. 
3. Acoustic finite element analysis can be used to determine partial enclosure 
insertion loss accurately if the automatically matched layer boundary 
condition is used at the opening. 
5.2 Recommendations for Future Work  
The following recommendations are suggested. Future work should include: 
1. The inclusion of sound absorptive materials into the plane wave model in 
order to improve the predictions. 
2. Determining methods to include structural modal effects into the predictions 
so as to permit more accurate predictions of the insertion loss at lower 
frequencies. 
3. A more extensive study to assess the impact of acoustic resonators in partial 
enclosures so that design guidelines can be established.  
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